Abstract. This paper presents results on both the kernel and cokernel of the Scapitulation map C F ; S ! C
Introduction
Let K=F be a finite Galois extension of number fields with Galois group G, and let C F and C K denote, respectively, the ideal class groups of F and K. The extension of ideals from F to K induces a natural capitulation map j K=F : C F ! C G K . An important problem in Number Theory is to determine the kernel of j K=F , which is usually called the ''capitulation kernel''. The classical Principal Ideal Theorem of global class field theory (see [11] , Theorem II.5.8.3, p. 168, for a generalized version of this theorem) asserts that Ker j K=F is all of C F if K is the Hilbert class field of F . This fact motivated, quite early on, a great deal of interest in the study of Ker j K=F for subfields K of the Hilbert class field of F . As a result, most of the existing literature on the Capitulation Problem is concerned with the study of Ker j K=F for unramified abelian extensions K of F (see, e.g., [4] , [12] , [17] , [25] ) or, more generally, with the kernel (and cokernel, in the case of [20] ) of the S-T-capitulation map j T K=F ; S : C T F ; S ! ðC T K; S Þ G for T-tamely ramified and S-split abelian extensions K=F (see [19] , [20] and [11] , Corollary II.5.8.6, p. 170). Here S denotes a finite set of primes of F (which we always assume to contain all archimedean primes in the number field case) and T is a finite set of non-archimedean primes of F which is disjoint from S. One of the few exceptions to this ''general rule'' is the work of B. Schmithals [23] , who studied the kernel of j K=F for certain types of possibly ramified cyclic extensions K of a quadratic number
The author is partially supported by Fondecyt research grant 1061209 and Universidad Andrés Bello research grant DI-29-05/R. field F . However, the general problem of studying both the kernel and cokernel of j T K=F ; S for arbitrary finite Galois extensions K of F (i.e., not necessarily S-split or with ramification locus equal to T) has yet to be addressed. In particular, it is an unfortunate fact that, despite the long history of research on the Capitulation Problem, very little attention has been accorded the cokernel of j T K=F ; S . In e¤ect, apart from the contribution [20] already mentioned, the only other works known to us which study the capitulation cokernel are [9] , Appendix, and, in the context of Iwasawa Theory, [13] , [14] , [15] , [16] , [18] .
In this paper we study both the kernel and cokernel of the S-capitulation map j K=F ; S : C F ; S ! C G K; S for arbitrary finite Galois extensions K=F of global fields and arbitrary sets S as above. We show, for example, that Ker j K=F ; S may be identified with the subgroup of H 1 ðG; U K; S Þ of all cohomology classes which are locally trivial at all places outside S (see Corollary 2.5).1) We also obtain a new generalization of Hilbert's Theorem 94 (see Theorem 2.7), which applies to possibly ramified cyclic extensions of global fields (it is an open question to determine whether Theorem 2.7 holds true for arbitrary abelian extensions, i.e., whether there exists a ''ramified version'' of Suzuki's Theorem [25] ). In Section 3 we obtain certain general results on Coker j K=F ; S which have some rather interesting consequences. For example, Theorem 3.7 states that in the ''semisimple case'' (i.e., when the degree of K=F is prime to the class number h K; S ) it is possible to determine the structure of H 2 ðG; U K; S Þ completely. Sections 4-8 give applications of the main results of the paper. Theorem 4.1 states (roughly) that the structure of H 1 ðG; U K Þ is determined by that of C F and by the ramification indices of K=F if F belongs to a certain class of number fields and K is equal to its own genus field relative to F (the proof of this result uses well-known theorems of Tannaka-Terada, H. Furuya and C. Thiébaud). Section 5 deals with cyclic extensions and gives, under a certain hypothesis, a lower bound for the number of ambiguous S-classes of K which do not come from F . See Theorem 5.2. This result may be regarded as a ''dual'' of Hilbert's Theorem 94. The very brief Section 6 computes the kernel and cokernel of the capitulation map for certain types of imaginary extensions of function fields. An application to imaginary Artin-Schreier extensions is given. Section 7 discusses the case where S is large relative to K=F , i.e., when S contains all archimedean primes and all ramified primes of K=F (we note that a significant portion of earlier work on the Capitulation Problem has taken place in this setting). We show that in this case the kernel of the capitulation map is naturally isomorphic to H 1 ðG; U K; S Þ, and that its cokernel is a certain group which measures the failure of the Hasse principle for H 2 ðG; U K; S Þ. In Section 8, which concludes the paper, we use results from [22] to show that the main theorems of Sections 2 and 3 have natural analogs in the context of divisor class groups. This section also contains some results which supplement those of [22] . Finally, the paper contains an Appendix which relates certain integers that appear in the main text to the ramification indices of K=F .
Allow us to make here the following additional comments which may help clarify the approach adopted in this paper. Let the global field F be given and let S and T be given finite sets of primes of F satisfying the conditions stated above. Then a natural question is to study the S-T capitulation map j so that the set of primes of F which ramify in K is in fact disjoint from T (which is certainly the case in this paper since here we consider T ¼ j), but no conditions are imposed regarding the behavior in K of the primes in S. By adopting this approach, we have been able to obtain results on the cohomology of the units whenever information on Capitulation is available (see, e.g., Theorem 4.1), and results on Capitulation whenever information on the units is available (see, e.g., Theorem 5.2 and Example 5.3).
Finally, several of the results of this paper immediately yield divisibility relations which involve the class numbers h F ; S , h K; S and various other invariants (see, e.g., Theorem 5.2). Since explicitly stating all such divisibility relations would soon become quite repetitive, we have decided not to state them at all. We are certain that the interested readers will retrieve them without di‰culty from the corresponding statements (for an illustration, see Example 5.3).
Acknowledgements. I am deeply grateful to D. Lorenzini for sending me copies of several of the references listed at the end of the paper, which would otherwise have been unavailable to me. I also thank C. Maire for sending me a copy of his thesis [19] .
Settings and notations
Let F be a global field, i.e. F is a finite extension of Q (the ''number field case'') or is finitely generated and of transcendence degree 1 over a finite field of constants k of characteristic p and cardinality q (the ''function field case''). Let K=F be a finite Galois extension of global fields with Galois group G. In the function field case, we will write k 0 for the field of constants of K and q 0 for its cardinality. The infinite primes of a function field F are the primes which lie above the prime of kðtÞ corresponding to the pole of t. A function field having only one infinite prime is called imaginary. Now let S be any nonempty finite set of primes of the global field F , containing the archimedean primes in the number field case. Where confusion is unlikely, we will denote by S (also) the set of primes of K which lie above the primes in S. In the remaining instances, this set will be denoted by S K . The set of non-archimedean primes of F which ramify in K will be denoted by R. Now, for each prime v A R W S, we fix once and for all a prime w of K lying above v. We will write I F ; S for the group of fractional ideals (or divisors) of F with support outside S. A similar notation will apply to K. Finally, the set of archimedean primes of a number field F will be denoted by S y .
The capitulation kernel
We begin by considering the exact sequence of G-modules
which we split into two short exact sequences of G-modules as follows: (1) and (2) yield the following exact sequences:
where, by definition2),
Note that, by (5), ðC K; S Þ G trans is trivial exactly when every ambiguous S-ideal of K is principal.
For subsequent use, we note that the connecting homomorphism 
where the top row is the exact sequence (2) over F , the bottom row is (5), and the left vertical map comes from (3). The middle vertical map is injective and its cokernel has the following well-known description.
Lemma 2.3. There exists a canonical isomorphism
Proof. We give a proof of this well-known result because we will need some of the maps defined below. Let D ¼ P 
Z=e v Z. On the other hand, for each w B S K , there exists a natural exact sequence
where the map ord w assigns the value 1 to a fixed uniformizing parameter of K w . Let v be the prime of F lying below w and write G w ¼ GalðK w =F v Þ. We have a natural exact commutative diagram
Thus we have a canonical isomorphism We now apply the snake lemma to diagram (8) and obtain an exact sequence
where the map l is induced by the natural map K Ã =U K; S ! I K; S . This map fits into a commutative diagram
where the right vertical map is the isomorphism of Lemma 2.3, the left vertical map is induced by the connecting homomorphism ðK Ã =U K; S Þ G ! H 1 ðG; U K; S Þ described earlier, and the bottom (''localization'') map l may be described as follows: let c A H 1 ðG; U K; S Þ be represented by the 1-cocycle
The above argument yields the following result.
Theorem 2.4. There exists an exact sequence
where j K=F ; S is the capitulation map, j
trans is induced by j K=F ; S and l is the localization map described above.
By the description of the map l given above and the proof of Lemma 2.3, the following is an immediate consequence of the theorem.
Corollary 2.5. The capitulation kernel Ker j K=F ; S is canonically isomorphic to the subgroup of H 1 ðG; U K; S Þ of all cohomology classes which are represented by a 1-cocycle x : G ! U K; S of the form xðsÞ ¼ b s =b ðs A GÞ, where bU K; S A ðK Ã =U K; S Þ G satisfies ord w ðbÞ 1 0 ðmod e v Þ for all v A RnS. r Remark 2.6. An equivalent form of the exact sequence of Theorem 2.4 was previously obtained by H. van der Wall [28] , proof of Theorem 1.3, bottom of p. 7, in the case that F is a number field and S is the set of all archimedean primes of F . See also [23] , Theorem 2, p. 46. Further, we invite the reader to compare Corollary 2.5 (for number fields and S ¼ S y ) with [23] , Corollary, p. 46.
Now set
We define integers d v , for v A S 0 , when K=F is a cyclic extension of degree n as follows:
Then we have the following generalization of Hilbert's Theorem 94.
Theorem 2.7. Let F be a global field and let K=F be a cyclic extension of degree n. Let d v , D and n 0 be the integers (9), (10) and (11), respectively. Then at least n 0 =
Proof. The proof of Lemma 2.3 and Theorem 2.4 immediately yield the order relation
On the other hand, the well-known formula for the Herbrand quotient of the G-module U K; S (see, e.g., [26] , Proof of Theorem 8.3, p. 178) yields the identity
Combining the preceding formulas, we obtain the equality
It follows that n=
The group Coker j 0 K=F ; S appears to be as di‰cult to compute as Ker j K=F ; S .3) We close this section by giving an alternative description of Coker j 0 K=F ; S (see Proposition 2.9
3) See [28] for the computation of Coker j 0 K=F ; S when S ¼ S y in some particular cases, notably when K=F is an extension of prime degree of a quadratic number field F . below) which may prove useful in future research on this group. We need the following approximation lemma.
Lemma 2.8. The natural map
We now consider the exact commutative diagram
where the top row is the exact sequence (3), the bottom row is the direct sum over v A RnS of exact sequences analogous to (3) for the extension K w =F v , and the unlabeled vertical maps are the natural ones. By the preceding lemma, the above diagram yields an isomorphism
i.e., j is the composite of the natural map ðK where j is the map (13). r
The capitulation cokernel
We now recall the exact sequence (4):
We note that the map H 2 ðG; U K; S Þ ! BrðK=F Þ ¼ H 2 ðG; K Ã Þ appearing above is induced by the inclusion U K; S H K Ã . Now let
where the map involved is induced by the natural map K Ã ! I K; S , x ! ðxÞ. Then, by (7), the above exact sequence induces an exact sequence4)
See [16] , §1, for the details. By combining the preceding exact sequence with Proposition 2.2, we obtain the following result.
Proposition 3.1. There exists a natural six-term exact sequence
where BðO F ; S ; O K; S Þ is the group (14) . r
We will now use class field theory to compute BðO F ; S ; O K; S Þ. This computation generalizes [9] , Lemma A. [6] . It was used in [5] and in [16] . More recently, it resurfaced in [9] , Appendix, where a particular case of (15) 
Let c :
where f 1 is the zero map and f 2; v : Note that the latter group is zero if v B R. Now recall the set S 0 ¼ S W ðRnSÞ ¼ S W R. We define integers d v , for v A S 0 , as follows5):
Further, set 5) If K=F is cyclic, then the integers (18)- (19) agree with the integers (9)-(10) . See, for example, [1] .
Then the invariant map inv v induces isomorphisms
It follows from (16) , (17), (20) and (21) that there exists a natural isomorphism
where S is the summation map ðx v Þ ! P x v . The latter map is surjective (see [10] , Lemma 1.2), whence the following holds.
Lemma 3.2. There exists an exact sequence
where d v and D are the integers (18) and (19), respectively. In particular,
Now, combining Proposition 3.1 and Lemma 3.2, we obtain the following result. where BðO F ; S ; O K; S Þ is a group of order Q
Remark 3.4. We note that, via the isomorphisms (16) and (17), the map H 2 ðG; U K; S Þ ! BðO F ; S ; O K; S Þ appearing in the exact sequence of the theorem is induced by the inclusions U K; S H U w (v B S) and U K; S H K Ã w (v A S). Thus, by (15) ,
where the last map is induced by the inclusions U K; S H U w (v B S) and
We now derive some consequences of Theorem 3.3. The first one generalizes [22] , Theorem 2(C), p. 161 (see Proposition 2.2). The next theorem refers to the ''limit case'' where ½K : F is prime to h K; S .6) Theorem 3.7. Let K=F be a Galois extension of global fields, of degree n. Assume that n is prime to h K; S . Then there exists a natural isomorphism
In particular,
Proof. Let N :
where N K=F : C K; S ! C F ; S is induced by the norm of ideals. Consequently, Coker j K=F ; S is a quotient of C G K; S =NC K; S ¼Ĥ H 0 ðG; C K; S Þ. Since the latter group is annihilated by multiplication by ðn; h K; S Þ ¼ 1, we conclude that Coker j K=F ; S ¼ 0. The theorem now follows from Theorem 3.3 since H 1 ðG; C K; S Þ is also annihilated by multiplication by ðn; h K; S Þ ¼ 1. r Remark 3.8. If K=F is cyclic of degree n, and n is prime to h K; S , then the order of Ker j K=F ; S may be computed explicitly. Indeed, by the theorem,
On the other hand, the proof of the above theorem and Proposition 2. where n 0 ¼ n=D.
6)
This condition can always be satisfied by enlarging S appropriately. We also note that this case has been previously studied by H. Yokoi in [29] , §4.
Genus fields
In this section we consider abelian extensions of certain base fields F which are equal to their own genus field relative to F . For such extensions (and a minimal set S), the group ðC K; S Þ G trans is zero and the following holds.
Theorem 4.1. Let K=F be a finite abelian extension of number fields. Assume that K is its own genus field relative to F . Assume, furthermore, that one of the following conditions holds:
(a) K=F is cyclic, or (b) F is either the rational field Q or an imaginary quadratic extension of Q of discriminant < À4 and conductor prime to 2.
Then there exists an exact sequence
Z=e v Z ! 0:
Furthermore, there exists a canonical isomorphism
In particular, if h F ¼ 1, there exists an isomorphism7)
Z=e v Z:
Proof. We apply results from the preceding sections with S equal to the set of all archimedean primes of F . By theorems of Tannaka-Terada, H. Furuya [8] and C. Thiebaud [27] , every ambiguous ideal of K is principal. Therefore ðC K Þ We note that the preceding theorem applies, in particular, to ray class fields over F since such fields are equal to their own genus field relative to F .8) Remark 4.2. There exists a function field analog of the preceding theorem. Indeed, let F be a function field, let y be a fixed place of F and let S ¼ fyg. Further, let K be a finite abelian extension of F where y is tamely ramified and the decomposition and inertia groups of y agree. These extensions were called ''of type (*)'' in [7] . Assume further that 7) More generally, if C F ¼ C ev F for every non-archimedean prime v, then
8) See [27] , Lemma 2.1, for a general description of the abelian extensions of F which are equal to their own genus field relative to F .
K is its own S-genus field. Then the main theorem of [7] , combined with (5), shows that ðC K; S Þ G trans ¼ 0. Consequently, Theorem 2.4 yields an exact sequence
In particular, if h F ; S ¼ 1, there exists an isomorphism
The above generalizes [7] , Corollary 4.3.
Cyclic extensions
In this section we assume that K=F is a cyclic extension of degree n.
Then, by (4) and the periodicity of the cohomology of cyclic groups, we have
(cf. [22] , Theorem 2(B), p. 161). Thus, by Proposition 2.2, the following holds.
Lemma 5.1. Assume that K=F is a cyclic extension of global fields. Then there exists a natural exact sequence
where W F ; S is the group (22) . r
The next result may be regarded as a ''dual'' of Theorem 2.7.
Theorem 5.2. Let K=F be a cyclic extension of global fields. Assume that U F ; S H N K=F K Ã . Then Coker j K=F ; S contains at least
classes, where d v , D and n 0 are the integers (9), (10) and (11), respectively.
Proof. The lemma and the proof of Theorem 2.7 immediately yield the formula
The result is now clear since W F ; S ¼ U F ; S by hypothesis. r Example 5.3. Let F be either Q, an imaginary quadratic number field (with S ¼ S y in both cases) or a function field with KS ¼ 1. Let K be a cyclic extension of F of degree l m , where m is a positive integer and l is a rational prime which is either f5 in the number field case or prime to q À 1 in the function field case. Then l m is prime to the order of the finite group U F ; S , whence U F ; S ¼ N K=F U K; S H N K=F K Ã . Thus the hypothesis of Theorem 5.2 is satisfied. Assume now, for simplicity, that in the function field case the prime in S splits completely in K. Let l t 1 ; l t 2 ; . . . ; l t r be the ramification indices of the ramified primes of K=F , and assume that m < P r i¼1 t i . Then the theorem asserts that l t j ½Coker j K=F ; S , where
In particular, if K=kðtÞ is a real Artin-Schreier extension, i.e., K ¼ F ðaÞ, where a is a root of x p À x þ QðtÞ ¼ 0 and QðtÞ is such that the infinite prime of kðtÞ splits in K, then
where r is the number of finite primes of kðtÞ which ramify in K.9)
We conclude this section by noting that (15) and the identifications
show that U F ; S =W F ; S is isomorphic to a subgroup of BðO F ; S ; O K; S Þ. Consequently, Lemma 3.2 yields the following generalization of [29] , Theorem 1(iv) (see also [op.cit.], Lemma 5).
9) See Corollary 6.2 for the case of imaginary Artin-Schreier extensions. where n 0 ¼ n=D. In particular, Ker j K=F ; S contains at least n 0 elements. Compare Remark 3.8.
Imaginary extensions of function fields
The main result of this section is the following Theorem 6.1. Let F be a function field, let K be a Galois extension of F of degree n and let k 0 be the field of constants of K. Assume that KS K ¼ 1 and that n is prime to q 0 À 1, where q 0 is the cardinality of k 0 . Then there exist an exact sequence
and an isomorphism
Proof. The hypothesis KS K ¼ 1 (i.e., S consists of exactly one prime of F and there is only one prime of K lying above it) implies, by Dirichlet's Unit Theorem, that where r is the number of finite primes of F which ramify in K.
Proof. Note that K is a Galois extension of F of degree p, which is prime to q 0 À 1. Further, h F ¼ 1. The corollary is immediate from the theorem. r 7. Large S A (nonempty) set S of primes of a global field F is large relative to K=F if S contains all archimedean primes of F and all primes that ramify in K=F . In this section we assume that our set S is large. Note then that S 0 ¼ S W ðRnSÞ ¼ S.
Theorem 7.1. Let K=F be a finite Galois extension of global fields with Galois group G, and let S be a set of primes of F which is large relative to K=F (as defined above). Then there exists an exact sequence
where where [ 2 ðG; U K; S Þ is as in the statement. r
The following corollary of the above theorem should be compared with [9] , Proposition A.2. 
Divisor class groups
This section may be regarded as the ''S ¼ j'' version of Sections 2 and 3 in the function field case. We follow [22] closely.
Let K=F be a Galois extension of degree n of function fields with Galois group G. Let X 0 denote the unique smooth complete curve over k 0 with function field K. Similarly, let X be the smooth complete curve over k with function field F . Further, let H ¼ GalðK=Fk 0 Þ and g ¼ Galðk 0 =kÞ, so that G=H ¼ g. The group of k 0 -rational points of the Jacobian variety of X 0 will be denoted by J K . Since X 0 has a k 0 -rational point, we have
Then there exists a natural capitulation map j K=F : J F ! J G K , which is defined by pulling back line bundles. Its kernel was determined in [22] , Theorem 5, under the assumption that k ¼ k 0 . In general, the following holds:
Theorem 8.1. Let K=F be a finite Galois extension of function fields and let M be the maximal abelian unramified extension of k 0 F in K. Then the kernel of the capitulation map j K=F :
Proof. The Hochschild-Serre spectral sequence [24] ). Therefore
where M 0 is the maximal abelian extension of Fk 0 in K. Taking into account these facts, it is not di‰cult to adapt the proof of Theorem 5 of [22] to the case where k 0 is not necessarily equal to k. We leave the details to the reader. r
We will now study the cokernel of the capitulation map
inducing an exact sequence
Then the image of j K=F is contained in ðJ (8)), we obtain the following result.
Proposition 8.2. There exists a natural exact sequence
The integer d is ''fairly easy to compute'' [22] 
Proof. This follows at once from [22] , Proposition 1 and Theorem 3(B). r
We also have the following exact sequence, which is the analog of Proposition 2.2 in this context. 
where G is a cyclic group of order d=d 0 .
Proof. This is immediate from (24) and [22] The following proposition shows that the degrees and the ramification indices of the primes that ramify in a cyclic extension K=F are subject to certain non-obvious constraints. where s is a positive integer and l is a prime which divides q À 1. Assume, furthermore, that the field of constants of F is algebraically closed in K. Then
Proof. By (26) , rank l ðBÞ e r À 1. Consequently, (25) shows that
The rest of the proof is similar to that of Theorem 14 of [22] . r
